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Abstract – This paper considers the problem of automati-

cally coordinating multiple platforms to explore an unknown

environment. The goal is a planning algorithm that provides

a path for each platform in such a way that the collection

of platforms cooperatively sense the environment in a glob-

ally efficient manner. A collection of discrete locales of in-

terest is assumed to be known and the platforms use these

as waypoints. The key feature of the method is to treat the

assignment of locales to platforms as a target tracking prob-

lem. This paper compares the use of the Probabilistic Multi

Hypothesis Tracker (PMHT) as a method of performing mul-

tiple platform batch data association with the Genetic Algo-

rithm to solve the modified Multi Travelling Salesman Prob-

lem.

1 Introduction
Multiple platform path planning is a problem that arises

in many applications including search and rescue, coordi-

nated surveillance, multiple platform simultaneous localisa-

tion and mapping (SLAM) and resource dissemination (the

travelling salesman). Independent of the application, the

goal is to schedule multiple mobile resources with dynamic

constraints to cover an area in an efficient manner.

There are many strategies to coordinate a single mov-

ing platform to intelligently explore an environment. Most

of these strategies take different factors into account be-

fore choosing an action, such as the localisation error of the

platform’s sensors or the information gain potential through

the measurements that these sensors may collect. Gener-

ally these approaches enumerate a collection of hypotheses

based on feasible motion of the platform and use a cost func-

tion as the decision criterion. For example, one strategy is to

move the platform to build the map information as quickly

as possible with localisation being less important, such as

[1]. In contrast, under Active Localisation [2], the platform

self localisation is most important and the platform’s move-

ment is chosen based on what will be likely to reduce the

localisation uncertainty. Other methods seek to optimise the

view points of the platform to maximise the expected infor-

mation gain in building the map and to minimise the uncer-

tainty of the platform within the grid cells of the map [3].

These strategies may be greedy one step ahead or N step

ahead and are generally for single platforms.

It has been widely acknowledged within the autonomous

vehicle research community that the use of multiple coop-

erating vehicles for exploration tasks has many advantages

over a single vehicle architecture. Multiple vehicles have the

potential to explore and map an environment more quickly

than a single vehicle, are more robust to failures, and provide

a broader field of view in dynamic environments. To achieve

cooperative exploration, the key problem is to choose appro-

priate actions for the platforms so that they simultaneously

explore different regions of the environment optimally. Sim-

ilar to the single platform strategies, there are extensions to

the multiple platform case, such as [4] to build a map as

quickly as possible and [5] using information gain to coor-

dinate the multiple platforms.

A new approach for multiple platform path planning was

introduced in [6]. Given known initial conditions for each

platform (position, speed, heading) and a set of discrete lo-

cales of interest, [6] used the probabilistic multi-hypothesis

tracker (PMHT) to design trajectories for the platforms to

cooperatively visit the locales.

The novelty in the PMHT path planning approach is to

treat the locales as measurements and the platforms as tar-

gets and then employ a multi-target tracking algorithm to

perform data association, namely to associate the locales

with platforms. This ensures that each of the locales is vis-

ited by at least one of the platforms, while constraining the

motion of the platforms to a realistic dynamic model. The

difficulty is that the locales have no intrinsic temporal rela-

tionship. Whereas in tracking the usual assumption is that

the input information is noisy position estimates collected at

known times, here there are no times associated with each

locale; there is not even a preferred order in which to visit

them. In order to overcome this problem, hypothesised time-

stamps are treated as hidden variables and the PMHT is used

to associate the locales to platforms and times simultane-

ously.

The PMHT, developed by Streit and Luginbuhl [7], is a



data association algorithm derived from the application of

the Expectation Maximisation (EM) algorithm [8] to target

tracking. The PMHT uses EM to model the assignment of

measurements to targets as hidden variables and estimates

target states by taking the expectation over the assignments.

The advantage of the PMHT over alternative data associa-

tion techniques is that it has linear complexity in the num-

ber of targets, the number of measurements per frame, and

in the number of frames. In contrast, other data association

methods incur a complexity that grows with the number of

permutations of measurements and targets within a frame

and then exponentially with time.

In the context of the planning problem, PMHT allows for

batch data association over hundreds of time steps with mul-

tiple platforms in a field of hundreds of locales. It is also

built on an EM framework which is amenable to the incor-

poration of the missing temporal information.

The initial work of [6] derived the PMHT path planning

algorithm and provided some qualitative performance exam-

ples. In this paper, the algorithm’s performance is assessed

quantitatively and compared with a sophisticated alternative

method.

The alternative approach considered in this paper is to

treat the path planning as a Travelling Salesman Problem

(TSP) and find the TSP solution via a Genetic Algorithm.

The TSP is a common optimisation problem whereby an

agent must visit a set of known locations exactly once and in

the order that minimises the distance travelled. The multi-

ple platform path planning problem can be treated as a TSP

with multiple agents that must cooperatively visit each loca-

tion in a manner that minimises the total collective distance

travelled. No efficient algorithm exists to find an optimal

solution to the TSP. Therefore a randomised approximate

optimisation method is used, namely a Genetic Algorithm

(GA).

The remainder of this paper reviews the PMHT path plan-

ning approach and the GA-TSP alternative. The perfor-

mances of the two methods are then compared via Monte

Carlo simulations.

2 Problem Formulation

Assume that there areM platforms, N locales to be vis-

ited, and T time steps.

Let the state of platform m at time t be denoted xm
t , the

set of all states for platform m be denoted Xm, and the set

of all states be denotedX . For the purpose of this paper, the

state may contain the position, velocity and acceleration in

the X and Y domain.

It is assumed that the prior distribution of the state of each

platform is known and is given by ψm
0

(xm
0

) for platformm.

The platform dynamics are also assumed to be known and

can be described by the evolution probability density func-

tion (pdf) ψm
t (xm

t |xm
t−1

).

Let the location of the nth locale be denoted by zn and

assume that it is known exactly. Let the platform assigned

to locale n be kn ∈ 1 . . .M and the time assigned to lo-

cale n be τn ∈ 1 . . . T . Both of these are, of course, un-

known a-prior. Treat both kn and τn as random variables

with priors πk
nm and πτ

nt respectively. These priors are also

unknown. Let Z denote the set of all locales, K denote the

set of all locale-to-platform assignments and τ denote the

set of all locale-to-time assignments. Similarly, Πk and Πτ

denote the collection of platform and time assignment priors

respectively.

Define a fitting penalty function, ζm
t (zn|x

m
t ), wherem =

kn and t = τn. This function quantifies the cost of the locale

assignment and may be used to control how closely the plat-

forms approach each discrete locale position. It is a known

function of the position of the locale and the position of the

platform.

3 PMHT for multiple platform path

planning
The standard PMHT algorithm is derived in detail in [7]

and [9]. PMHT is based on the application of expectation-

maximisation (EM) [8] to multi-target data association. The

major advantage of using PMHT is that the computational

complexity increases linearly with the number of targets,

measurements and time steps unlike other association algo-

rithms which can grow exponentially. This allows the algo-

rithm to be implemented without approximation and allows

for efficient smoothing over time batches when the applica-

tion requires.

The PMHT algorithm is a method for finding the best es-

timate of the target states,X , when the measurement source

K is unknown. It does this by treating the assignments as

missing data using EM. The state estimate is derived itera-

tively by maximising an auxiliary function

Q
(

X|X̂(i)
)

=
∑

K

P
(

K|X̂(i), Z
)

logP (X,K,Z), (1)

where i is an iteration index. Upon convergence, the al-

gorithm’s output is the state estimate. This auxiliary func-

tionQ(.) can be maximised using any appropriate estimator.
It can be shown that the auxiliary function is equivalent to

the log-likelihood of a known assignment problem with syn-

thetic measurements determined by the expectation step [7].

Thus for linear Gaussian cases, the Kalman filter may be

used to solve the equivalent problem. For nonlinear prob-

lems such as SLAM, a nonlinear filter must be used, such as

the Extended Kalman Filter (EKF).

The PMHT algorithm for path planning was introduced

and derived in [6], but will be repeated here for complete-

ness.

The derivation of the PMHT algorithm for path planning

follows similar development as the standard PMHT. For the

path planning version of the PMHT, the platform states, X ,

are considered the target states to be estimated, the locales,

Z, are treated as the measurements, the fitting cost func-

tion, ζm
t (zn|x

m
t ), is treated as a measurement pdf and the

assignments of the locales to the platforms K is unknown.

In addition, the assignments of the locales to the time they



were visited τ is also unknown. The following derivation

treats both of these assignments as missing data using EM.

In EM terminology, the complete data are (X, τ,K,Z),
the incomplete data are (X,Z) and (τ,K) are the missing
data. The auxiliary function is the expectation of the com-

plete data log-likelihood over the missing data, which now

takes the form:

Q(X,Πτ ,Πk|X(i),Πτ (i),Πk(i))

=
∑

K

∑

τ

P (τ,K|X(i), Z) logP (X, τ,K,Z), (2)

where the summation is over all permutations of the assign-

ment variables τ andK.

For compactness, let

∏

n,t,m

(·) ≡
N
∏

n=1

T
∏

t=1

M
∏

m=1

(·), (3)

i.e. a product over all of the measurements at each time and

from each sensor, and similarly for
∑

n,t,m.

Due to the independence assumptions, the complete data

likelihood with classification becomes:

P (X, τ,K,Z) = P (X)P (τ ; Πτ )P (K; Πk)P (Z|X, τ,K),
(4)

where

P (X) =

M
∏

m=1

ψm
0

(xm
0

)

T
∏

t=1

ψm
t (xm

t |xm
t−1

), (5)

P (τ ; Πτ ) =
∏

n,t

πτ
nt, (6)

P (K; Πk) =
∏

n,m

πk
nm, (7)

P (Z|X, τ,K) =

T
∏

t=1

N
∏

n=1

ζm
t (zn|x

m
t )|t=τn,m=kn

. (8)

The conditional probability of the missing data,

P (τ,K|X,Z), can be determined using Bayes’ Rule:

P (τ,K|X,Z)

=
P (X, τ,K,Z)

∑

τ,K

P (X, τ,K,Z)

=
P (X)P (τ)P (K)P (Z|X, τ,K)

P (X)
∑

τ,K

P (τ)P (K)P (Z|X, τ,K)

=

∏

n,t,m

πτ
ntπ

k
nmζ

m
t (zn|x

m
t )

∑

τ,K

∏

n,t,m

πτ
ntπ

k
nmζ

m
t (zn|x

m
t )

=
∏

n,t,m

πτ
ntπ

k
nmζ

m
t (zn|x

m
t )

T
∑

r=1

M
∑

s=1

πτ
nrπ

k
nsζ

s
r (zn|x

s
r)

≡
∏

n,t,m

wntm (9)

Thus the conditional probability of the assignments is

given by the product of individual per measurement weights.

Each weight, wntm, is the normalised likelihood of the nth

measurement from platform m at time t. The numerator of

the weight is simply the product of the assignment priors

and the positional measurement likelihood.

Combining the two equations (4) and (9) leads to the aux-

iliary function to be maximised:

Q(X,Πτ ,Πk|X(i),Πτ (i),Πk(i))

= logP (X) +
∑

n,t,m

wntm log πτ
nt +

∑

n,t,m

wntm log πk
nm

+
∑

n,t,m

wntm log ζm
t (zn|x

m
t )

≡ QX +Qτ
Π

+Qk
Π

(10)

The term Qτ
Π
in (10) is given by

Qτ
Π
≡

∑

n,t,m

wntm log πτ
nt,

and is similar to that of the standard multi-sensor PMHT

[10]. It is maximised subject to the constraint that
∑

t π
τ
nt =

1 using a Lagrangian, resulting in the updated prior estimate

πτ
nt(i+ 1) =

M
∑

m=1

wntm, (11)

i.e. the weights’ relative frequency for time t.

Similarly, the Qk
Π
term results in a relative frequency es-

timate for the locale to platform assignment prior

πk
nm(i+ 1) =

T
∑

t=1

wntm. (12)

The remaining term, QX , couples the platform states and

the waypoint measurements and is given by

QX ≡ logP (X) +
∑

n,t,m

wntm log ζm
t (zn|x

m
t ). (13)

For a Gaussian penalty function, ζm
t (zn|xm

t ) with covari-
ance R, it can be shown that this function is equivalent to

the log likelihood of a tracking problem with known data

association [11],

QX ≡ logP (X) +
∑

t,m

log ζ̃m
t (z̃m

t |xm
t ), (14)

where the synthetic measurement, z̃m
t , is given by

z̃m
t =

1
∑N

n=1
wntm

N
∑

n=1

wntmzn, (15)

and the synthetic measurement function, ζ̃(·), is the same as
the penalty function with a scaled covariance given by

R̃m
t =

1
∑N

n=1
wntm

R. (16)



The path for platformm is now refined by smoothing the

synthetic measurements and covariances.

The planning algorithm consists of iteratively calculat-

ing assignment weights, wntm, and estimating the platform

paths and assignment priors until convergence.

Several performance examples were presented in [6]. We

repeat one here to demonstrate how the PMHT planning al-

gorithm operates. In the example, the locales were set out

in a ten by ten grid with four platforms beginning in the

middle of the scene. A constant acceleration process model

was assumed for the platforms and a linear Gaussian penalty

function was used.

Figure 1 shows the evolution of the trajectories for four

platforms with the EM iterations. Initially, the assignment

implicitly carves the area into quadrants and each platform

moves in a straight line due to the symmetry. However, af-

ter a period, the paths diverge from the straight and narrow

and eventually span each quadrant. The constraints on the

platform dynamics inherent in the process model result in

smoothly curving paths.

Not all of the locales were closely visited by the plat-

forms. There is a tradeoff between path smoothness and

proximity to assigned locales and this is governed by the rel-

ative values of the process noise and measurement penalty

covariance.

4 Genetic Algorithm Solution to the

Travelling Salesmen Problem
The purpose of this paper is to compare the performance

of PMHT path planning with a competent alternative. Be-

cause the planning algorithm is a multiple platform batch

method, it is appropriate to compare it with a multiple plat-

form batch alternative. One such approach is to treat each

of the locales as a city in a Travelling-Salesman-Problem

(TSP). In the TSP, a salesman must make a complete tour

of a given set of cities in the order that minimises the total

distance travelled. Each city must be visited exactly once.

The path planning problem in this paper can be posed as

a multi-TSP where multiple travelling salesmen cooperate

to complete a tour of the set of cities. As before, each city

is visited exactly once and the optimal solution is the set of

paths that minimise the combined distance travelled by all

salesmen (platforms). We will not require that the platforms

return to their starting locations. It is important to highlight

that the multi-TSP minimises the distance travelled without

any dynamic constraints, this means that there is no smooth-

ness imposed on the solution.

The TSP is well studied in optimisation and belongs to a

class of problems where we expect an optimal solution to

have exponential complexity in the number of cities. This

paper uses a Genetic Algorithm (GA) as an approximate op-

timisation method to efficiently seek a very good solution,

rather than finding the optimal solution. The GA is a ran-

domised search algorithm which is based on the mechanics

of natural selection and natural genetics [12]. The GA solu-

tion to the multi-TSP is summarised as follows:
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(c) Converged at Iteration=100

Figure 1: Example assigned trajectories evolution for 4 plat-

forms



1. Create an initial population. In this case, this amounts

to a set of random permutations of potential paths for

each of the platforms.

2. Calculate the fitness function for each of the population

member. In this case, the fitness is the total distance

travelled by all the platforms.

3. According to the fitness value, select the best popula-

tion members and used them to form the next genera-

tion. Individual candidate solutions may be randomly

modified (mutation) or pairs of candidate solutions may

be mixed together (crossover).

4. Repeat steps 2 and 3 until the total population fitness

converges.

The GA method is a randomised search, so it is not guar-

anteed to find the global solution in a finite number of iter-

ations. However, the converged solution will be near to the

optimal solution. The converged solution may also vary if

the GA is applied to the same problem multiple times be-

cause of its random nature. In the multiple path planning

case, we anticipate that there may be numerous path-sets

that have very similar length and it is not critical that the

planning algorithm find the best of these.

The GA-TSP algorithm used in this paper was adapted

from [13]. This approach produces an ordered list of locales

assigned to each of the platforms.

As mentioned above, the TSP formulation does not ac-

count for platform dynamics. It also demands that the

platforms pass through each of the locales. In contrast,

the PMHT-based algorithm plans paths that are sufficiently

close to the locales based on a trade-off between path

smoothness and the fitting penalty function.

In order to provide a balanced comparison, some modifi-

cation to the GA-TSP is required. This was done by using

the GA-TSP solution as initialisation data for the PMHT al-

gorithm. The PMHT path planning algorithm was then run

to produce smooth platform trajectories. By appropriate ad-

justment of the priors, the PMHT output can be guaranteed

to visit the locales in the order supplied by the GA-TSP but

with flexibility in the time at which a locale is visited and

with the same path smoothness properties. This is termed

the GA-TSP PMHT algorithm.

The GA-TSP provides a list of which locales are as-

signed to each platform that was used to define the locale-to-

platform assignment prior. The value of πk
nm is set to unity

for the platform assigned to locale n by the GA-TSP and

zero for all others.

The GA-TSP also provides an order in which to visit the

locales. This order was used to define the locale-to-time

assignments. The total batch length was divided into sub-

batches and the order of locales was interpreted as an in-

dication of which sub-batch the locale should be assigned

to. The value of πτ
nt(0) was uniform within the sub-batch

identified by the GA-TSP and zero elsewhere.

5 Comparison
The use of the two algorithms for multiple platform tra-

jectory planning is now illustrated through simulation. The

area to be explored was a 10 unit square box. Two locale

placement scenarios were considered: in the first, the lo-

cales were distributed over a uniform grid; in the second,

the locales were distributed randomly with a uniform den-

sity. Fixed and randomised initial platform locations were

also considered.

The platform states were assumed to follow a constant

acceleration model independently in X and Y. Thus the state

evolution process, with time-step dt = 1s, was defined by

ψm
t (xm

t |xm
t−1

) = N (xm
t ;Fxm

t , Q) , (17)

where N (t;µ,Σ) is a multivariate Gaussian,

F =

[

F3 0
0 F3

]

with F3 =





1 1 0.5
0 1 1
0 0 1



 ,

and

Q = 10−8

[

Q3 0
0 Q3

]

with Q3 =





1

20
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1

6
1

8

1

3

1

2
1
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1

2
1



 .

For the PMHT algorithm, the fitting penalty function was

linear and Gaussian,

ζm
t (zn|x

m
t ) = N (zn;Hxm

t , R) , (18)

withH =

[

1 0 0 0 0 0
0 0 0 1 0 0

]

and R = 10−2I .

T = 500 time points were used. In each case, the ini-

tial state was assumed known, so the state estimates were

initialised at the true position with zero speed and zero ac-

celeration.

Three scenarios are presented here: a uniform grid of lo-

cales with randomised initial platform locations (A); ran-

domised locale placement with fixed initial platform loca-

tions (B); and randomised locale placement and initial plat-

form location (C).

Figure 2 shows the paths resulting for a uniform grid of

locales and random initial platform locations. The crosses

mark the locations of the locales, the cyan boxes show the

platform initial locations, and the coloured lines show the

paths. With this scenario, the PMHT divides the locales

relatively evenly among the platforms with no crossovers

whereas the GA-TSP has many platform crossovers.

Figure 3 shows a three platform scenario where the plat-

forms all began on the left side outside the map and the lo-

cales were randomly distributed. Again the PMHT plan di-

vides the space roughly evenly and the paths do not cross,

whereas the TSP paths cross in several places. Both algo-

rithms tend to plan paths that pass through areas of high lo-

cale density and avoid areas where locales are sparse. Figure

4 shows a scenario where all four platforms had random ini-

tial positions in a field of randomly distributed locales.
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(b) GA-TSP PMHT smoothed
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Figure 2: Results for 4 platforms and grid of waypoints

Table 1: Monte Carlo results

A B C

Total Distance

GA-TSP 117.8 118.8 87.8

GA-TSP PMHT smoothed 124.6 93.8 92.8

PMHT 94.6 77.8 78.8

CPU time (s)

GA-TSP 18.3 17.4 18.0

GA-TSP PMHT smoothed 39.4 33.3 38.9

PMHT 23.1 16.7 22.8

It is clear from the various examples that in the PMHT

case, the paths of different platforms do not cross. This is

due to a well known property of EM mixture fitting which

biases the platform paths away from each other. This may

be an undesirable feature of the planned paths. There are

several potential methods to address this deficiency and will

be the subject of future investigation.

Monte Carlo simulations of the above three scenarios

were performed, and the total distance travelled by the plat-

forms averaged over 100 trials. These average total dis-

tances and the CPU time incurred for each algorithm are

given in Table 1. Clearly the PMHT paths are significantly

shorter. The relationship between the GA-TSP paths and

the GA-TSP PMHT smoothed paths is less direct. Two fac-

tors influence the path length in the smoothed case: the path

may need to be extended in order to turn a sharp corner, but

the platform is no longer required to pass exactly over the

locale. These two factors have opposing effect and the net

result depends on the scenario.

This is a clear advantage of the PMHT algorithm as com-

pared with the GA-TSP. A possible reason why the distance

travelled is lower is because the PMHT path is allowed to

kill two birds with one stone: under the PMHT model, it

is permissable to assign more than one locale to a platform

at a particular instant. This allows the PMHT path to pass

between two locales and cover them both at the same time,

provided that they are close enough together. This is not per-

mitted by the TSP approach. In the context of surveillance, it

is quite feasible that the sensor may be able to observe more

than one locale in the same frame, so the PMHT behaviour

is appropriate provided that the locale fitting function ade-

quately reflects sensor coverage.

The CPU time incurred section in table 1 shows that the

PMHT takes a similar amount of time as the GA-TSP to pro-

cess. Various parameters can be tuned in either algorithm

to decrease CPU time such as the number of iterations al-

lowed for convergence. As expected, the average smoothed

TSP CPU time is approximately the sum of the TSP and the

PMHT CPU times.

Figure 5 shows a histogram of the number of locales al-

located to each platform, averaged over the Monte Carlo tri-

als. For the fixed initial platform scenario (scenario B), this

provides little intuition, but for the other two scenarios, the
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(b) GA-TSP PMHT smoothed

0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

9

10

11

X Position

Y
 P

o
s
it
io

n

(c) PMHT-pp

Figure 3: Results for 3 platforms and random locales
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Figure 4: Results for 4 platforms and random locales
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Figure 5: Locale distribution between platforms

GA-TSP variance is much smaller than the PMHT variance:

it would appear that the GA prefers to find solutions that al-

locate a similar number of locales to each platform, whereas

the PMHT tends to be more pragmatic.

6 Conclusion

A new path planning method has recently been proposed

based on data association in the absence of time stamps us-

ing PMHT. This paper has compared the performance of the

PMHT path planning method with an alternative based on a

variant of the travelling salesman problem.

The PMHT path planning algorithm coordinates multiple

platforms by treating the locations to visit as measurements

and the platforms as targets. A novel aspect of the data as-

sociation problem is that the measurements have no inherent

temporal relationship. The PMHT association stage deter-

mines probabilities for each pairing of locale and platform

at each possible time and then estimates the platform states

by taking the expectation over these assignments.

The GA-TSP alternative approach was solved using a ge-

netic algorithm. Since the GA-TSP does not incorporate dy-

namic constraints, the resulting sequences of locales were

used as input to the PMHT planning algorithm to produce

smoothed trajectories.

Simulation experiments were used to demonstrate the ef-

fectiveness of the path planning algorithms. The methods

were demonstrated with various platform and locale config-

urations.

In terms of total distance travelled by all the platforms,

the PMHT performed the best which was attributed to the

ability of the algorithm to efficiently cover regions where

multiple locales of interest were close together.
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